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Abstract
Using Faddeev–Senjanovic path integral quantization for constrained Hamilton system, we quantize SU(n) N = 2 supersymmetric gauge field
system with non-Abelian Chern–Simons topological term in 2 + 1 dimensions. We use consistency of Coulomb gauge condition to naturally
deduce a new gauge condition. Furthermore, we obtain the generating functional of Green function in phase space, deduce the angular momentum
based on the global canonical Noether theorem at quantum level, obtain the fractional spin of this supersymmetric system, and show that the total
angular momentum is the sum of the orbital angular momentum and spin angular momentum of the non-Abelian gauge field. Finally, we obtain
the anomalous fractional spin and discover that the fractional spin has the contributions of both the group superscript components and As0(x)
charge.
© 2008 Elsevier B.V. All rights reserved.
PACS: 11.15.Tk; 11.10.Ef
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1. Introduction
Supersymmetric Chern–Simons systems have been investigated [1–3] and attention is paid to a connection between extended
supersymmetry and the existence of self-dual solutions [2]. A SU(n) N = 2 supersymmetric gauge theory has been constructed
[4], which is a system with non-topological self-dual solutions. Fractional spin and statistics is useful to explain the quantum Hall
effects [5–7] and high-Tc superconductivity phenomena [8]. Fractional spin may appear in gauge theories with Chern–Simons (CS)
topological term. CS gauge field does not have its own real dynamics, its dynamics comes from the fields to which it is coupled
[9–12]. It is interesting to study the system of supersymmetric anyons, because both spinor fields and scalar fields are naturally
contained in supersymmetric theory. Henceforth it is a natural way to treat fractional spin and statistics [4]. Ref. [13] utilized the
theory of supersymmetric anyons to extend the definition of the Witten index so as to accommodate the existence of anyon spin and
statistics. The angular momentum of Chern–Simons system is studied by using energy–momentum tensor and the classical Noether
theorem [9–12,14,15], and the fractional spin is obtained. We will discuss these effects at the quantum level by the phase-space
path integral method, as the path integral method in the phase-space is more fundamental than that in the configuration-space.
It is the purpose of this Letter to study the properties of fractional spin of the SU(n) N = 2 supersymmetric gauge theory with a
non-Abelian Chern–Simons topological term at the quantum field level. In Section 2, we introduce the supersymmetric gauge field
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according to the rule of Faddeev–Senjanovic path integral quantization, and we obtain the generating functional of Green function
in phase space; in Section 4, based on the global canonical Norther theorem in the path integral form, we deduce the angular
momentum and present the fractional spin of this system at the quantum field level, we also compare the result with the model
without the gauge fields term; in the last section, we make summary and conclusion.
2. Supersymmetric gauge field system with non-Abelian Chern–Simons topological term and its constraint analysis
In Ref. [16], A SU(n) N = 2 supersymmetric gauge field system with a non-Abelian Chern–Simons topological term in 2 + 1
dimensions was constructed. Using Wess–Zumino gauge, the action can be expressed in terms of component fields as
S =
∫
d3x
[
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4
Gab,rGrab +
1
2
κεabc
(
Ara∂bA
r
c +
1
3
f rsuAraA
s
bA
u
c
)
+ iψ+α(γ a)ρ
α
Daψρ +
(
Daϕ
)+
Daϕ + 12 iλ
α
(
γ a
)ρ
α
Daλρ
(1)+ 1
2
iχα
(
γ a
)ρ
α
Daχρ + κ2λ
α,rλrα +
κ
2
χα,rχrα +
1
2
(
DaNr
)
DaNr − U
(
ϕ,ϕ+,ψ,ψ+, λ,χ,N
)]
,
fixing the potential by requiring the conservation of the fermion-number, the potential term is [15]
U
(
ϕ,ϕ+,ψ,ψ+, λ,χ,N
)
= f rsuχα,rλsαNu − i
(
ψ+αλrαT rϕ − ϕ+T rλα,rψα
)− ψ+αχrαT rϕ − ϕ+T rχα,rψα − n − 12kn ν2ψ+αψα − ψ+αNrT rψα
(2)+ ϕ+
(
NrT r + n − 1
2kn
ν2
)(
NsT s + n − 1
2kn
ν2
)
ϕ + 1
2
(
ϕ+T rϕ + κNr)(ϕ+T rϕ + κNr),
in Eq. (1), ϕ, ϕ+, Nr are scalar fields; ψρ , ψ+α , λρ , χρ are spinor fields; Ara is vector field. Da = ∂a − iAraT r (a = 1,2,3),
Grab = ∂aArb −∂bAra +f rsuAsaAub . T r are the generators of SU(n) in the fundamental representation and satisfy [T r, T s] = if rsuT u
and are tr(T aT b) = δab/2, ν is expectation value of the vacuum state. The γ matrices are γ 0 = iσ 1, γ 1 = σ 2, γ 2 = iσ 3, satisfying
γ aγ b = gab + iεabcγc. The metric is gab = diag(+1,−1,−1), and ε012 = ε12 = 1.
It can be seen that Lagrangian density (1) is singular in the sense of Dirac method. First, we analyze the constraints of this system
in phase space. The canonical momenta are defined as
(3)πα = ∂RL
∂φ˙α
,
where φα stand for the component fields, the subscript “R” denotes the right derivative for φα . This definition is trivial for scalar
and vector fields, but when it is applied to spinor fields, the Grassmann property must be taken into account. We also may omit the
subscript “R” for convenience. The momenta conjugate to the component fields Ara , ψρ , ψ+α , ϕ, ϕ+, λρ , χρ , Nr , respectively,
are
(4.1)πa,r = ∂RL
∂A˙ra
= −G0a,r + 1
2
κε0abArb,
(4.2)πψρ =
∂RL
∂ψ˙ρ
= iψ+α(γ 0)ρ
α
,
(4.3)πψ+α = ∂RL
∂ψ˙+α
= 0,
(4.4)πϕ = ∂RL
∂ϕ˙
= D0ϕ+,
(4.5)πϕ+ = ∂RL
∂ϕ˙+
= D0ϕ,
(4.6)πλρ =
∂RL
∂λ˙ρ
= 1
2
iλα
(
γ 0
)ρ
α
,
(4.7)πχρ =
∂RL
∂χ˙ρ
= 1
2
iχα
(
γ 0
)ρ
α
,
(4.8)πNr = ∂RL
∂N˙r
= D0Nr.
According to Dirac–Bergmann procedure [17], the primary constraints of the system should includes π0,r , πψρ , πψ+α , πλρ , πχρ .
The constraints referring to fermion fields have novel feature, and can be handled in a different procedure [18]. According to
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(5.1)Γ r1 = π0,r ≈ 0,
(5.2)Γ ρ2 = πψρ − iψ+α
(
γ 0
)ρ
α
≈ 0,
(5.3)Γ α3 = πψ+α ≈ 0,
(5.4)Γ ρ4 = πλρ −
1
2
iλα
(
γ 0
)ρ
α
≈ 0,
(5.5)Γ ρ5 = πχρ −
1
2
iχα
(
γ 0
)ρ
α
≈ 0,
where symbol “≈” denotes a weak equality in Dirac sense [17]. The canonical Hamilton density corresponding to the action (1) is
given by
Hc = πϕϕ˙ + πϕ+ ϕ˙+ + πa,r A˙ra + πψρ ψ˙ρ + ψ˙+απψ+α + πχρ χ˙ρ + πλα λ˙α + πNr N˙r −L
= 1
4
Gij,rGrij −
1
2
κε0ijAr0∂iA
r
j −
1
2
κε0ijAri π
r
j − Ar0∂iπi,r −
1
2
πi,rπri − f rsuπi,rAs0Aui −
1
8
κ2Aui A
i,u + iAr0πψρT rψρ
+ πϕ+πϕ + iAr0
(
πϕT
rϕ − πϕ+T rϕ+
)+ iAr0πλρT rλρ + iAr0πχρT rχρ + 12πNrπNr + iAr0πNsT rNs
− iψ+α(γ j )ρ
α
Djψρ −
(
Djϕ
)+
Djϕ − 12 iλ
α
(
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α
Djλρ − 12 iχ
α
(
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)ρ
α
Djχρ − κ2λ
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(6)− 1
2
(
DjNr
)
DjN
r + U(ϕ,ϕ+,ψ,ψ+, λ,χ,N).
Then, the total Hamiltonian is
(7)HT =
∫
V
d2x
(Hc + ηr1Γ r1 + ηρ2Γ ρ2 + ηα3Γ α3 + ηα4Γ α4 + ηρ5Γ ρ5 ),
where ηr1, η
ρ
2 , η
α
3 , η
α
4 , and η
ρ
5 are relative multipliers. The Possion bracket in this Letter is defined as [19]
(8){F(x),G(y)}PB =
∫
dz
{
δLF (x)
δφα(z)
δRG(y)
δπα(z)
− (−1)nF ·nG δLG(y)
δφα(z)
δRF (x)
δπα(z)
}
,
where nF and nG denote the Grassmann parities of F(x) and G(y), respectively. The consistency conditions Γ˙ r1 = {Γ r1 ,HT }PB ≈ 0
lead to the secondary constraints
(9)
Γ r6 = ∂iπi,r − f rsuπi,sAui +
1
2
κε0lm∂lA
r
m − i
(
πϕT
rϕ + πϕ+T rϕ+ + πψρT rψρ + πλρT rλρ + πχT rχ + πNsT rNs
)≈ 0,
while the consistencies Γ˙ r2 , Γ˙
α
3 , Γ˙
α
4 and Γ˙
ρ
5 of the primary constraints lead to the equations, from which the Lagrange multipliers
are determined, and then no further constraint occurs. In the following, we need to classify the constraints. The non-zero Possion
brackets of all the constraints are
(10.1){Γ α2 ,Γ ρ3 }PB = −i(γ 0)αρδ(x − y),
(10.2){Γ r2 ,Γ ρ6 }PB = iπψρT rδ(x − y),
(10.3){Γ α4 ,Γ β4 }PB = −i(γ 0)αβδ(x − y),
(10.4){Γ α5 ,Γ β5 }PB = −i(γ 0)αβδ(x − y).
The constraint Γ r1 are the first class of constraints, the constraints Γ
r
2 , Γ
α
3 , Γ
ρ
4 , Γ
ρ
5 and Γ
r
6 are the second class. We need to find
the maximal set of first class constraints. We find that the constraint Γ r6 can be combined with Γ
α
3 in order to obtain a first class
constraint. Finally, the first class constraints are
(11.1)Λr1 = Γ r1 = π0,r ≈ 0,
Λr2 = −πψρT r
(
γ 0
)α
ρ
πψ†α + ∂iπi,r − f rsuπi,sAui +
1
2
κε0lm∂lA
r
m − i
(
πϕT
rϕ + πϕ+T rϕ+ + πψρT rψρ
(11.2)+ πλρT rλρ + πχρT rχρ + πNsT rNs
)≈ 0.
Λr1, Λ
r
2 are also gauge transformation generators. However, the second-class constraints are
(12.1)θρ = Γ ρ = πψρ − iψ+α
(
γ 0
)ρ ≈ 0,1 2 α
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(12.3)θρ3 = Γ ρ4 = πλρ −
1
2
iλα
(
γ 0
)ρ
α
≈ 0,
(12.4)θρ4 = Γ ρ5 = πχρ −
1
2
iχα
(
γ 0
)ρ
α
≈ 0.
Therefore, we have completed the classification of the constraints.
3. Faddeev–Senjanovic path integral quantization of the supersymmetric system
The next step is to choose two gauge-fixing conditions, which is essential for both canonical quantization and path integral
quantization. We consider the Coulomb gauge
(13)Ωr1 = ∂iAri ≈ 0.
There is still a gauge freedom in this system, because of the existence of the two first-class constraints Λr1 and Λ
r
2. Another gauge-
fixing condition should be compatible with the Hamilton mechanism, the most natural manner is to choose the consistent condition
(14)Ωr2 = Ω˙r1 =
{
Ωr1 ,HT
}
PB = ∇2Ar0 − ∂iπi,r − f rsu
(
∂iA
s
0
)
Aui = 0.
On the other hand, because general physical processes should satisfy quantitative causal relation [20–22], some changes (cause)
of some quantities in (14) must lead to the relative some changes (result) of the other quantities in (14) so that (14)’s right side keeps
no-loss-no-gain, i.e., zero, namely, (14) also satisfies the quantitative causal relation, which just makes the different quantities form
a useful expression. And then we can obtain
(15.1){Λr1(x),Ωs2(y)}PB = −∇2δrsδ(2)(x − y),
(15.2){Λr2(x),Ωs1(y)}PB = −∇2δrsδ(2)(x − y).
According to Faddeev–Senjanovic quantization formulation, the phase space generating functional of Green function for this su-
persymmetric system is given by [23]
(16)Z[0] =
∫
DφαDπα
2∏
i=1
δ(Λi)
2∑
j=1
δ(θj )
2∑
k=1
δ(Ωk)det
∣∣{Λi,Ωk}∣∣(det∣∣{θj , θj ′ }∣∣)1/2 exp
{
i
∫
d3x
(
παφ˙
α −Hc
)}
,
where
(17)φα = (Ara,ϕ,ϕ+,ψ,ψ+, λ,χ,N), πα = (πa,r ,πψ,πϕ,πϕ+ ,πλ,πχ ,πN ).
We separately calculate |{Λi,Ωk}|, |{θj , θj ′ }| in Eq. (16). By use of (15), we obtain
(18)∣∣{Λi,Ωk}∣∣= [∇2δrsδ(2)(x − y)]2.
Taking use of (10) and (12), we write out the |{θj , θj ′ }|,
(19)∣∣{θj , θj ′ }∣∣= [δαβδ(2)(x − y)]4.
Through serious proofs of (18) and (19), like many field theories, we find it interesting that both |{Λi,Ωk}| and |{θj , θj ′ }| are
independent of field variables and can be ignored in the generating functional. Thus condition (14) coming from the consistent
condition very naturally eliminates the gauge arbitrariness. Using the properties of the δ-function [19]
(20)δ(Λ) =
∫ Dμl
2π
exp
{
i
∫
d3x μlΛ
}
,
we finally obtain the phase space generating functional of Green function
(21)Z[0] =
∫
DφαDπαDλiDμjDωk exp
{
i
∫
d3x
(Lpeff)
}
,
where
(22.1)Lpeff = Lp + λri Λri + ωsjΩsj + μukθuk ,
(22.2)Lp = πϕϕ˙ + πϕ+ ϕ˙+ + πa,r A˙ra + πψψ˙ + ψ˙+πψ+ + πχ χ˙ + πλλ˙ + πNN˙ −Hc,
in which λri , ω
s
j , and μ
u
k are multipliers of the first class constraints Λ
r
i , gauge fixing conditions Ω
s
j , and second class constraints θ
u
k ,
respectively.
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Many articles discussed the fractional spin character of Abelian and non-Abelian system by using the classical Noether theorem.
It is more meaningful to study the symmetry character at quantum field level, especially in the path integral form. First, we formulate
the results of the quantal canonical Noether theorem [18]: If the effective action IPeff =
∫
d2xLPeff is invariant in the extended phase
space under the following global transformation
(23.1)xμ′ = xμ + xμ = xμ + εσ τμσ (x,φ,π),
(23.2)φα ′(x′) = φα(x) + φα(x) = φα(x) + εσ ξασ (x,φ,π),
(23.3)π ′α(x′) = πα(x) + πα(x) = πα(x) + εσ ησα (x,φ,π),
where εσ are global infinitesimal arbitrary parameters (σ = 1,2, . . . , r), τμσ , ξσ and ησ are some smooth functions of canonical
variables and space–time, and if the Jacobian of the transformation (23) of the field variables is equal to unity, then, there exist
conservations at the quantum level
(24)Qσ =
∫
V
d2x
[
π
(
ξσ − φ,kτ kσ
)−Heffτ 0σ ]= const, σ = (1,2, . . . , r).
We now deduce the angular momentum using the conserved quantities in 2+1 dimensions. Consider the Lorentz transformation
(25.1)xμ = δωμυxυ,
(25.2)φα = 1
2
δωμν
(
Σμν
)α
β
φβ,
(25.3)πβ = 12δω
μν
(
Σμν
)α
β
πα.
Under the spatial rotation in the xi and xj plane, the effective canonical action Ieff =
∫
d3xLpeff is invariant, and the Jacobian of
the spatial rotation transformation is equal to unity. We can write down the conserved angular momentum according to (24)
J =
∫
d2x ε0ij
[
xi
(
∂jφ
α
)
πα + 12πα(Σij )
α
βφ
β
]
=
∫
d2x ε0ij
[
xiπ
a,r∂jA
r
a + πri Arj + xiπψρ ∂jψρ + xiπϕ∂jϕ + xiπϕ+∂jϕ+ + xiπλα∂jλα + xiπχρ ∂jχρ + xiπNs ∂jNs
(26)+ 1
2i
(πψγiγjψ + πλαγiγjλα + πχργiγjχρ)
]
.
The last term is related to spinor fields and coincides with the result [9–12] obtained by classical Noether theorem. One can observe
that the partial angular momentum given by the non-Abelian Chern–Simons topological term is
(27)JNcs =
∫
d2x ε0ij
[
xiπ
0,r ∂jA
r
0 + xiπk,r∂jArk + πri Arj
]
.
Using (4.1) and (5.1), we express (27) as
JNcs =
∫
d2x
[
εij xiπ
k,r∂jA
r
k + εijπri Arj
]
(28)=
∫
d2x
[
−εij xiG0k,r∂jArk − εijGr0iArj +
κ
2
εij εklxiA
r
l ∂jA
r
k +
κ
2
εij εilA
l,rArj
]
.
The total angular momentum is written as
J =
∫
d2x ε0ij xi
[
πψρ∂jψρ + πϕ∂jϕ + πϕ+∂jϕ+ + πλα∂jλα + πχρ ∂jχρ + πNs ∂jNs + Gk0,r ∂jArk
]
+
∫
d2x ε0ij
[
1
2i
(πψργiγjψρ + πλαγiγjλα + πχργiγjχρ) + Gri0Arj
]
+ κ
2
∫
d2x
(
εij εklxiA
r
l ∂jA
r
k + εij εilAl,rArj
)
(29)= JO + JS + JF .
The first part JO stands for the orbital angular momentum, the second part JS describes the spin angular momentum, the third part
JF can be proved to be related with the fractional spin angular momentum. (29) includes both fermionic and bosonic parts. Using
the properties ε0ij ε0jk = −ε0ij ε0kj = −δik , we have
(30)JF = κ
∫
d2x
(
εij εklxiA
r
l ∂jA
r
k + εij εilAl,rArj
)= −κ
∫
d2x
(
εij xiA
s
j ε
lm∂lA
s
m
)
.2
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(31)Gab,sf rsuAub − ∂cGac,r + κεabc
(
∂bA
r
c +
1
2
f rsuAsbA
u
c
)
= I a,r ,
where
(32)I a,r = −ψ+α(γ a)ρ
α
T rψ − i(Daϕ+)T rϕ + iϕ+T r(Daϕ)− 1
2
λα
(
γ a
)ρ
α
T rλρ − 12χ
α
(
γ a
)ρ
α
T rχρ + iT rNsDaNs.
Setting a = 0 in (31), we have the equation
(33)G0i,sf rsuAui − ∂iG0i,r + κε0ij
(
∂iA
r
j +
1
2
f rsuAsiA
u
j
)
= I 0,r .
Using (4.1), (33) can be expressed as
(34)−f rsuπi,sAui + ∂iπi,r +
1
2
κε0ij ∂iA
r
j = I 0,r .
Considering the gauge fixing conditions (13) and (14), there is the relation on the hypersurface of constraints
(35)πi,r ≈ ∂iAr0.
We can obtain
(36)1
2
κε0ij ∂iA
r
j = J0,r − ∇2Ar0 =
(
I 0,r
)′
.
It can be checked that the following asymptotic form (37) [24] of the non-Abelian vortex configuration satisfies (36), and is also
compatible with the gauge fixing condition (13) and (14)
(37)Ari =
2
κ
ε0ij ∂
j
x
∫
d2y D(x, y)
[
I 0,r (y)
]′
,
where D(x,y) is the Green function which has the explicit form
(38)D(x,y) = − 1
2π
ln |x − y| + const.
Substituting (37) into (30), we obtain
(39)JF = −κ
∫
d2x
(
εij xiA
s
j ε
lm∂lA
s
m
)= 2QsQs
πκ
,
where
(40)Qs =
∫
d2x
[
I 0,s(x)
]′ =
∫
d2xI 0,s(x) −
∫
d2x ∇2As0(x).
Taking As0(x) = I sA0(x) ln |x − x0|, we have
(41)Qs = −2πI sA0(x0) +
∫
d2xI 0,s(x).
The term (39) is the “anomalous one” which is interpreted as a fractional spin. For consistent quantum theory, the coefficient κ
should be quantized such that κ = m/4π with a non-zero integer m [25].
Contrary to the Abelian case, the result (39) has the contribution of group component values. We also find that, different with
the non-Abelian Chern–Simons model without gauge field strength term, the conserved charge (40) includes the term with As0(x)
charge. When Qs is replaced by the Abelian charge Q and the contribution of the As0(x) charge is zero, this result is reduced to the
common result [9–12,14,15]. If there is no gauge field strength term in the Lagrangian density (1), we also obtain the anomalous JF ,
but the orbital angular momentum and spin angular momentum of the field Arμ will disappear, which can be seen from (29).
5. Summary and conclusion
Using the Faddeev–Senjanovic method of path integral quantization for the canonical constrained systems, we quantize the
SU(n) N = 2 supersymmetric non-Abelian system with a Chern–Simons topological term. First, we analyze the constraints in
phase space. Then, we apply the Coulomb gauge and use its consistency to deduce another gauge condition. According to Faddeev–
Senjanovic quantization formulation, we obtain the phase space generating functional of Green function. Based on the global
296 Y.-C. Huang, Q.-H. Huo / Physics Letters B 662 (2008) 290–296canonical Noether theorem, we deduce the angular momentum of this system and the partial angular momentum given by a non-
Abelian Chern–Simons topological term. We find that partial angular momentum is the “anomalous spin”. Our findings also show
that the total angular momentum in this Letter is different from the system without gauge field strength term, the results deduced
from the system without gauge field strength term is missing the orbital angular momentum and spin angular momentum of the
field Arμ. Different from the Abelian case and the non-Abelian case which does not contain gauge field strength term, we find
that the conserved charge (39) has the contributions of the non-Abelian group superscript components and As0(x) charge. We
also compare our method with Banerjee’s method [9–11]. In Banerjee’s method, a term proportional to the Gauss constraint is
added to the Schwinger’s energy–momentum tensor, and the multipliers are chosen in a covariant way. Banerjee also compared
the modified Schwinger’s energy–momentum tensor and canonical angular momentum, and found that the difference between
two angular momenta is a boundary term which can be interpreted as the fractional spin. In our analyzation, the total angular
momentum plays the role of the canonical angular momentum as in Refs. [9–11]. Furthermore, we systematically deduce the
total angular momentum that is independent of any specific choice of ansatz, and find that the orbital angular momentum, spin
angular momentum, and fractional spin angular momentum all appear in the total angular momentum. Moreover, because the
Lagrangian of the system is invariant under supersymmetric transformations, and the dealing with the fields of the all particles in
the supersymmetric system does not destroyed the rules of supersymmetric operations in the investigative processes of the Letter,
thus the scheme of the Letter preserves supersymmetry.
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